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This supplementary appendix provides some proofs that are relegated from the main text.
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F Proofs of Main Results

F.1 /S Estimation

Based on Proposition E.1, we can estimate the loadings unbiasedly.

o T B N

10
10
12
12
17



Proposition F.1. Suppose that Assumptions 3.2, 5.5, C.1 - C.3 hold. Then,
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Proof of Proposition F.1 As noted in the proof of Proposition E.1, we have the following decomposition:
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Step 1. First, we bound max; |01 ;]|. Define v, := Z;\le wjs€;s(HB;). Then, we have
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Because Estl 751> = Op (0*pmaxpd max{N?,T?}) by Claim F.6 (iv), the first term is bounded like
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by Claims F.4 (ii) and F.7 (v). To bound the second term of 7 ;, define %; s = % E;.V:l(eissjs —Eleises| Q2 M])wisw;sUns 4

Then, conditioning on {2 and M, for each 4, {¥; s}s<r are independent across s. In addition, we have
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Hence, by the matrix Bernstein inequality (ex. Koltchinskii et al. (2011) Proposition 2) with conditioning on © and M, we

have
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Then, by Claims F.4 and F.7, the second term is bounded by Op < n2K?® magz{N;Og N.Tlog” T}). The third term can be
bounded like
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Since the first three terms dominate the last term, we bound the first three terms. By Claims F.3 (iii) (iv), F.4 (ii), F.6 (iii)
and F.7 (v), the first term is bounded by
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Similarly, by Claim F.7 (iii), the second term can be bounded like
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Because Z _wisHoFoyl, = (Ix + ) E _, wisHy "Fy7!, to bound the third term, we need to estimate max; || Z _wisH P EAL.
Note that || Z _wisHU'EAL = | 25:1 ijl €jsWjsWis flEgﬁjHlﬂ. Conditioning on M and €, {&;s},_ y .. are inde-
pendent. Hence, by the matrix Bernstein inequality with conditioning on M and €2, we have max; || Zstl Zjvzl ejsszwistlFS@ H,||



P (UqK\/log N’(/Jmin). Hence, by Claims F.3, F.4 and F.7, the third term is bounded like
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The first term can be bounded by Claims F.3 and F.7 like
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Step 5. We bound max; ||d5;||. By Claims F.6 and F.7, we have
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So, we have max; || A; || max;s [ME| L ST || Fy|| = Op ( T M) max;; |M}| by Claims F.3 and F.7.

F.2 Proofs for Section 3
F.2.1 Proof of Theorem 3.1

From Lemma F.4, we can know that Assumptions C.1 - C.3 with g = Cn for some constant C' > 0 are satisfied under the
assumptions of Theorem 3.1. Hence, we have Theorem 3.1 from Theorem C.1 and Lemma [.4.

Proof of Theorem C.1

To begin with, we define a few more notations to facilitate the proofs. Let & = [e14,...,end), & = [ei,---,cir), Mt =
(ME, ..., ME] and M = [ME, ..., ME&]'. Also, let Q; = diag(wiy, . . .,wn:) and Q; = diag(wi1, - - ., wiT)-

By Propositions E.1 and F.1, we can have following decomposition:
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Similarly, by Proposition I'.1 and Claim F.3, we obtain [Rz g| <V, * max; | RY'|| max | HoFy|| = op(1). By Claims F.4, F.6
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Moreover, by Proposition E.1 with Claims F.6 and F.7,
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by Propositions E.1 and F.1 that \Rﬁ gl < V;E max; || R?|| max, | RF|| = op(1). Lastly, we have by Assumption (.3 that
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We can show that, conditioning on {M,Q}, (&1 n7, P2 n7) converges (jointly) to a bivariate normal distribution. Let
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So, by the Cramer-Wold theorem, we can say that conditioning on {M, Q}, (®1, n7, P2, n7) converges (jointly) to the bivariate
(

normal random vector (®1,P3). Hence, by using the same argument as in the proof of Theorem 3 in Bai (2003), we have,
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F.2.2 Proof of Theorem 3.2

The result follows from Theorem C.2. We now prove this theorem.



Proof of Theorem C.2.

Thanks to Theorem C.1, it suffices to show ng;g\)g = op(1) instead.
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By Claims F.3, F.4 and F.8, the above three terms are 0,(1). Hence, we have (a) = op(1). Similarly, we can show that
(b) = 0,(1). This completes the proof. [

F.2.3 Proof of Theorem 3.3

Let (M,p,0) be a point in A. Without loss of generality, assume that Z and T consist of the first elements of {1,..., N}

and {1,...,T}, respectively. We then partition § = b with Sz being the first |Z|, rows of §. Similarly, let F =
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F =/ ’ —14
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= av/x1 + x2 + o(s:(M, p,0)).

On the other hand, by Cauchy-Schwarz inequality,
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where ¢nrp,0(Y,€2) and ¢ (Y,€Q) are density functions of the observed data € oY under (M,p,0) and (M,p, o),
respectively. It follows that
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where A = M — M = M* — M* and the second equality holds under the assumptions on {2 and £. In addition, following the
same argument as Step 1 of the proof of Theorem 4.2 in Chernozhukov et al. (2021), we can show that 072>, -y < (Wit —
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where the last relation follows from N|T|, < T?|Z|2 and T|Z|, < N?|T|?. Then, Lemma B.3 of Chernozhukov et al.
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Step 2: derive the final result. Since « is a fixed constant and s, (M, p, ) < /X1 + x2, we have (ay/x1 + X2 + 0o(s+(M, p, 0)))2 =
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exp (0 ?pa®(1+0(1))) — 1 < o7 *pa®(1+ o(1)) + exp (o *pa®(1 + 0(1))) (0 *pa(1 4 o(1)))? /2.

Therefore, for a € (0 ), exp (67 2pa?(1+0(1))) — 1 < o7 2pa(1 + o(1)) + exp(1/4)O(c~*p*a*). Using these bounds, we

74\f
reach
2
R | (a1 + x2)(L+ 0(1))
B R (i%;gM” = o 2p(L+ o(1)) + exp(1/4)0(ap2a?) + exp(L/D)o(1)
_ (1 + x2) (1 +0(1) Moy LT o)

o7?p(1+ 0(1)) + exp(1/4)0(0~*p*a?) 1+ 0(1) + O(o—2pa?)

where the third line holds since o ~2p is assumed to be bounded. As a result, we have

2
B [V = 1017 Sneo M 140

s2(M,p,o) ~ 14 0(1) 4+ O(c—2pa?)

for any a € (0, By taking sufficiently small a > 0, we attain

)

2
EM,p,cf |:U(Y; Q) - |g|71 Z(i,t)eg Mlti|
lim inf 5 >
N,T—o0 S*(Mapa U)

F.3 Proofs for Section 4
F.3.1 Proof of Theorem 4.1

For each potential realization ¢ € {0,1}, Assumptions Assumptions 3.2, 3.3 and C.1-C.3 are satisfied. Hence, We can use
the results of Propositions E.1, F.1 and Theorem C.1 for each potential realization ¢ € {0,1}. Then, following the proof of

~

Theorem C.1, for each ¢ € {0, 1}, we have ﬁ Y iee (ng)/Ft(L) - pr) =P 4 P{ where

—1 1
N T
2 1 2 2 : . L
Pl( ) = |g‘o E ﬁ; E :w](t)ﬁjﬁ; w]t BJEJt + F (E :wzs FS(L)F( )/> (E wgs)Fs(L)EiS> )
(i,t)€G j=1 j=1 s=1

107

2 L
P = (V) SR

d=1
—1 -1

N N
% - \T|22ﬁz >0 zwﬁ-?az—tm; S o) b
j=1 j=1

o teT

—1

0 eI

and Zd 1 ‘R(L)

= op(1). Then, we have

(vg>+vg1>)% 3 Tw-Ta (vg>+v<1)
|g|° (i,t)eg

[\J\b—‘
D=

(P = P) + (v + ) (AY - R,

10



We first derive (VO + V7)) 7 (PY = PP) 25 N(0,1). Tet 0} = (V") 7 P and &) = (V") 7 P{V. Then,
by Step 3 of the proof of Theorem C.1, we know that QES)T IR N(0,1) and @5\}} EEN N(0,1). Furthermore, we can show
that (<I>§V)T, <I>S\1,)T) converges (jointly) to a bivariate normal distribution. Note that, by using the same method in Step 3 of

the proof of Theorem C.1, for each + € {0,1},

0¥ @

N _1 T N _
> o Sean ] (Suae) - () ZZV“[ B (=20) 7 Bgs e 7).

-

(i,t)€gG Jj=1 j=1 s=1j=1
i “tyr N7 W =
2 L L L 2 2 I8%5s m()r (= . .
(Vg ) |g| Z F (Z )F( )F( )’) (Z w§s)F§ )5is> — (Vé)) Z Z |I|J F;) (:éj) Fé( )1{] €71},
? (it)eg s=1 s=1 j=1s=1 o

(L)A(L) @)

JS Js

where Egbi = ZN (‘)BJB’ and :gz = Zstl wi(;)Fs(L)FS(L)/. Hence, for each ¢ € {0, 1}, we have <I>S\‘,)T = Zjv_l Zstl
() 4001 here AD — (VOY 2 15 (20) " gatse T Yo T g0 (20) 7 EO1g
Z] )i 185sWjs {(4,s) € x} where A; = (Vg 7Pz (Bis) Bil{seTh+ I =2,j {je
Z} and x = {(i,t) : t € T or i € Z}. Here, Equation (a) comes from the fact that A(L # 0 only when s € T or j € Z. Then,
0 1 0)

for any constants a, b, we have a@EV)T + b@g\&« = Zj 1 ZS 1 aajssz A( 1{(4,s) € x} + bEjst(-s)Ajs 1{(4,8) € x}. Some
calculation shows that Var (a@SS)T + bfbg\l,)T ¢, T) — a® + b2

Next, we check the Lindeberg’s condition. Let Yj, = aejgw(O)A(O)l{(j, s) € x}t+ bsjsw( )A( )1{(j,s) € x}, so that
a® )y + b0y = SN SF | Yy, Then, we have

M-

T N T
SR AT = 3N [ (A0 (G) € 1)+ besed VA1 00) € )) [ ]

=1s=1 =1s=1

] N j 4 N T .
=538 | (el A0 1(G ) €0) |6 1] + Y B (et a1 (G0 €0) | 1]
j=1s=1 j=1s=1

where the last equality comes from the fact that the cross-product terms are zero because Wl )w(l) =(1-7)7,s =0.

js Yis
Then, we have for . € {0,1},

N T
SR (L] T]w? (49) 140G € 1)

)=
HMH
=
| — |
VS

Qm
w
E
ﬁi
i
-
<
m
>
o
o
| I

j=1s=1 j=1s=1
N
< CZXT:E [e4 ] ¢, ] (v(”)fzw@ 1 (5/ (=) ' »)41{5 €T+ — (F“)’ (E(L).)IF(L)>41{j €T}
— gt VELIRR g Jjs |7-|401 A ,S J |I|4 2,7 s
_ (pgﬁiw Kt plZ (q0)® w4K4>
pminN|T|0 pmziTLZ'O

Using the above bound, we can have the following Lindeberg’s condition:
AN T ) s
Var (aq>§V)T+b<I> Lc, ) Y'Y E [yfg {y]t| > eVar (aq>§8>T + b0, ) H c, ] — op(1)
j=1s=1

Hence, by the central limit theorem, we have, conditioning on {¢, T}, <I>§\(,)T + b@g\})T Ly aa© + b®M) where the two “®”

terms are jointly standard normal. From here, by using the same argument as in the proof of Theorem 3 in Bai (2003), we

11



have conditioning on {¢, Y},

() oty - () oty

YV Var (20)1¢,7) + VS Var (8016, T)

(V(O) vé”)_% (Pf” P(O)) L, N0, 1).

Therefore, we have (Vg)) + Vél)>7% (Pl(l) — Pl(o)) + (Véo) + Vél))7% (Pg(l) — PQ(O)) REN N(0,1). O

F.3.2 Proof of Corollary 4.2

: . v +vi) P
It is straightforward to prove W —— 1. It then leads to the result.
g Vg

F.4 Technical Claims for Section F

Claim F.1. (i) There is a K x K matriz Hy such that ﬁﬁHl 1s the left singular vector of M*.
(ii) Let Jr, ¥, be the rth largest singular value of]Téf and M™* respectively. Then, we have with probability converging to 1,

ming <,<x 1/);11211 2 ¢2 o ¢2 72.+1’ > ¢/2, where ¢ = minj<,<x+1 |c$_1 — c$| and ¢, = Pr [Pmin-
(i) P (R =K) 1. (i) H%NE - \%ﬁﬂHlIIF - Op (bt gt (VT

Proof of Claim F.1. (i) Let L = (5’5)% F'F (6’5)%. Let Gf, be a K x K matrix whose columns are the eigenvectors of
L such that A, = G} LGy is a descending order diagonal matrix of the eigenvalues of L. Define Hy = VN (6'8)7% Gy,
_1 1 1 1 _1
Then, we have — (BF'FB') BHy = =8(8'8) " (8'6)* F'F (8/8)} (8/8)* Hy = §(8'8)"F LGL = -~ FH\ A Note that
1 1

L(BHy) BHy = LH{B'BH, = G, (B'B) 2 B'B(B'B) 2 G, = GG = Ix. So the column of ﬁﬁﬂl are the eigenvector of
BF'Ff' corresponding to the eigenvalues of A;. Hence, \/% BH; is the left singular vector of M* = SF’ (Note that a singular
vector of a nonzero singular value is unique up to sign. By changing the sign of each column of G, we can change the sign
of each column of Tlﬁ BH; to correspond with the sign of each column of \/iﬁ 5)

Parts (ii) (iii) (iv) follow from a straightforward application of Weyl’s theorem and Davis-Kahan theorem (ex. Yu et al.

(2015)). So we omit the details for brevity. O

Claim F.2. (i) There is a K x K matrix H[ N such that oYW t"‘N}H[HN] is the left singular vector of Wt+N ZIt+N),

min

(ii) Let vy, o be the rth largest singular value of M and WENIZEENV pegpectively.  Then, we have with probability

) _ . . —2 |72 o _ _
converging to 1, minj<;<r minj<,<g wmm < — T ‘ > ¢/2, minj<;<r mini<,<g ¥ i qﬁ[r} fz/JH_l’ > ¢/2, where ¢ =
2 _
ming <r<xi1 |2y — ¢Z| and ¢y = ¥ [Ymin.
1/2 [t+N] gylt+N] opmaxﬁ2cqu2p,2K2 max{y/Nlog N,/TlogT}
111) maxi<t< H H =0
(iii) 1<t<T ﬁﬁ Yin W i . P i (VN T s

Proof of Claim F.2. The proof is similar to that of Claim F.1. So, we omit it. O

1 1
Claim F.3. (i) |BH,| = VA, max; | H{Bi| < pd K3, (i) |FH{| = o, max, |[Hy ' Fy| < 92K e i) || g5 || =

1 1
Op (\/ﬁ) max; | Hy 8| = Op (M%K%) (iv) |FHL|| = Op (Q@L) max; | HaFy|| = Op (q“mf;fm)

=

Proof of Claim F.3. The proof is straightforward so we omit details for brevity.

Claim F.4. (i) |B]l < pracs B~ < ppby- (i) max, || B;* = B~ = Op (””““‘"“%“Ji‘,if‘“ T 1 atwtphicy “’gT>

Pliin

P min Prain

(ifi) max; | By V| = Op(pky). (iv) max, ||B; ' — By ™'|| = Op ( 2k man{ VI, “) and max; || B; V|| = Op(pyh).

12



Proof of Claim F.4. (i) Note that B = (ﬁﬁHl)/H (ﬁﬂﬂl) = U, TUp. Hence, | B]| < |[Un- 21T = pras.

Let ¢,.(A) and tmin(A) be the rth largest singular value and non-zero smallest singular value of matrix A respectively.

Because % (U;WH%) =y (UL, TU ) = i (H%UM*U]’WH%), we have Ymin (U4, Uxr+) = Yrmin <H2 UM*UM*H2> 9
2 (H%> Ymin Unr-Ulp) = 92, (H%)wmin(U]’V[*UM*) = wmm( ) = Pmin where (i) comes from the fact that

Ymin(AB) > Ymin(A)Ymin(B) if A is a full column rank matrix and the fact that ¥min(A) = Ymin(A’) for any matrix

A. So, we have | B~ < pl.

(ii) Note that

max || B — B| = Op(1 Zp]( ~ HI;) B0 + 5 ijﬂlﬁj( -~ =) |
1 N
+ Op(1) max|| - 2; (wje = ;) Hi B35 Hal-
]:

- 3 1
The first and second terms are bounded like V%”ﬂ - BH1||HHHﬁ||5H1H =Op ('”"'%"‘“‘Ci“quK2 max{\/ﬁ,ﬁ}> by Claim F.1

PminYPmin

(iv). Moreover, we have |+ E;\Ll (wjt — ;) HiB; B Hi|| < dmaxg || 3 e, (wie — ;) Uns,jUp ;1| by Lemma E.5. Hence,

1 1 ~
by matrix Bernstein inequality, max; ||% EN (wjt —p;) H1B; B H1|| = Op (p‘g‘“"ﬁ“\;% VlogT) and max; |B;' — B! <

pmlnwmm pmm \/ﬁ
(iii) It is easily derived from max; || B; !|| < |[B~Y|| + max, | B;* — B~

HB—1||2 max; ||§t . BH — Op (Upmdxcqu K3 max{vN,VT} + pmaxﬂp2K«/logT

(iv) The proof is the same as that of (ii).

Claim F.5. (i) max; || ( H‘N]’W[HN]) W[t+N]’H = (7#;1311/2)7

min PminPmin

(ii) maxx; |Unr- = i WIFNHIN| o = Op ( e I ﬂ)

Proof of Claim F.5. (i) Note that

ma; ! ma, ! < !
X———— = <
O i (WM 0 g (WEENTRIN) g (1) (1= ik, (W) max, [ WHNITN) — )
Hence, we know that max; m =0Op (1/1;111“/ 2). Then, we have
max | (W[t+NVW{t+N])_1 W | = maxc /> ((WINVTTEENT) 1) = ma m =Op (z/;r;ilf) :

(ii) Since \/LN,BHl = Ups+, we have by Claims F.1 (iv) and F.2 (iii)

—1/2T5[t+N] ¢ylt+N] 1= L = 1/275 4 N] 77 [t4+N]

max |[|Upr+ — SIW H < ||Upz+ + max || —— W H

tX” M ’(/}mm 4 ||F — || M \/Nﬂ”F i \/Nﬂ ¢m1n 4 »

—0p opmaxcqu 2K3 max{v/'N, \F} apmaxﬁécinvq%,u%K% max{y/Nlog N,/TlogT}
pm1n¢m1n p12nin min{\/]v, \/T}wmin

_op (opmaxcqu K2 max{vN, VT }) O

N pmlnwmln

Claim F.6. (i) max; || Z;V:1 wjtejeH Bl = Op (UK%\/Nlog T) and maxy || Z;vzl wjteth;lﬁjH =0Op (UK%\/Nlog T).
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1 1 1 1
(“) max; H Z —1 Wis€is 1_1F9|| =0Op (opr%aquf/ﬁlogNwmm> and max; || Z =1 wis€isHoFs || =0p <Upr%aqui/ﬁlog Nwmm).

1 1
(m) T Z? 1 | Zjv 1 thgthl || = OP(UPY%HXK%\/N) ﬁ ZteT | Z;V:1 wjtfthiBjH = Op(apfnaxK%\/N).
(Z'U) Zt 1 || Z =1 wjtgthlﬁj H =O0p (0 prnaxNﬂK)

Proof of Claim F.6. (i) First, note that SH; = +/NUp~. Then, by the matrix Bernstein inequality (ex.
Koltchinskii et al. (2011)) with conditioning on {M,Q}, we have max; ||Z _wieiHi Bl = Op (O'K VN logT) and

max; || Z] Lwite;eHy ' Bill = Op (UKf VN logT) because || (Ic +¢') " || = Op(1).
(ii) Note that FH| ' = T%VM*DM* and that Elg;s|M,Q] = 0 and conditioning on {M,Q}, {e;s} are independent

across s. Hence, conditioning on {M,Q}, by the matrix Bernstein inequality (ex. Koltchinskii et al. (2011)), we have
1

e 1
max; || Zstl wissisHl_lFsH =0Op (”pr%'aqu f/%vlog N¥min | We can find the bound for max; I Zstl w;s€isHaFs|| in the similar

way to the proof of (i).

(iii) Note that 3 Y2/, || 5570, wyeseHiBll = VN|Unr- 7 342y HZ —1 WjtEjt (HUM*HF>H Let Ly = Y00, wyeejeOne 5

where Ups+ ”gMi*”F In addition, we have E[|| L;||*| M, Q] = Zk:l [(Z;\f_l EjtwthM*,j’k) ’M,Q} =02 Zszl Zjvzl WitUxrs sk
and E[||L¢|>M] < Co®pmax where Ups+ j i is the ‘k’-th element of Uy« j, since by definition, |[Ups« ||z = 1. Then, we have
E[|| L ||| M] < C’%apélax by Jensen’s inequality. So, we have & "/ ||L¢|| = Op (E[% S |\Lt|||/\/l]) =Op (crpiax). Hence,

we have £ 30| | SN wjee; HiB)l| = Op(0phaxK V). We can bound 7 Sier I 200, wieje HBj|| by the same way.

(iv) The proof follows from straightforward calculating the expectation, so we omit the detail for brevity.

Claim F.7. Let A} == + ZZ:l piHoFsFLHY. Then, we have (i) max; ||Af|| = Op (%), max; | A} = Op (pmi\flfz_ )

.. P 2 l 2. — — 2 l e e
(”) max; HA1 i A:H - Op <Pm&xq M;I;\/»\/l; gN’L/}mln)’ max; ”Az 1 A: 1” - Op (prnaxq szii(%\i/nTlogN)' (ZZ’L) % Zle ||F9 _

1

= l o~
o = Op (280} and § T, IR, - HF? = O (Z25). (io) max | — Al = Op (“ratifipm ),

Pmin VN Phin Peoin NVT
max; |47 — A7V = Op (W) (v) max; A7 = Op (520—) and max; || 47| = Op (;225—). (vi)
max, || Fy — HoFy|| = Op (UpmpK/NW) :
Proof of Claim F.7. (i) First, we know
e | 47| < 222 11, PP H| = P29 (I + 0) Dags Vi Vag- Dave (I + ') | < 222 D3, 1 2+ ) = (qN;;> ,

because ||Ix + ¢|| = Op(1) as noted in the proof of Claim F.3. Moreover, we have

o NT -1 _ NT NT
max | A7 | < max == (T +¢)7 D (e +0) < B T+ ) P = O ( )
K3

min pminq/)min

(ii) Note that A; — Af = (Ix + ¢) (% ZZZI (wis — i) Hl_lFSFS’H{_l) (Ix + ¢'). By the matrix Bernstein inequality with

2 Lo s 2
Claim F.3 (ii) max; || Zle (wis —pi) Hy'E,FLHY| = Op <pma"q ”2;(\/%%1\“/}‘“‘“) . Hence, we know max; [|[A; — A7|| =

2, L 2
Op <pma"q uzX logNw“““). By using the same method in the proof of Claim F.4 (ii), we have max; |A; ' — AX 7! =

NTVT
o) (prnaxq n2 KN\/TlogN>
P Z )2

(iii), (iv) Because A; — 4; = L 37, [wis(ﬁs — HoF,)FLHY + wis Hy Fy(Fy — HoFy) + wis(Fs — HoFy)(Fy — Hst)/] , we
know that max; ||Ei—AiH = Op(1) max; ||% Zstl wis(ﬁs—Hng)Fs'Héﬂ. By Proposition E.1, we know % Zstl ||ﬁS—H2FS|| =

14



1 1
3 = ~ 2
OPdax K2 1 1 F H,F. 2 T Prax K cps
OP <pmm,—> alld T § s=1 || s — 2 s|| - OP (W . In addltlon? € ha’ €

: — OP (Uprnaxq,qumin) )

mas | s — Al = Op (b mas | EL) (5371, = B2
i s T s=1 pmaxN\/T

By the same method above, we derive max; ||A; ' — A; || < Op(1) max; ||A; 1|2 max; ||A; — A,
(v) max; [|[4; Y] = Op (pmjjﬁ) is proved in the above. max; HA\;1|| = Op (pm[jﬁ) follows from the relation
max; [ A7 < max; | A7 — A7+ max; A7)

(vi) It follows from Proposition E.1.

Claim F.8. Under the assumption of Theorem 5.2, we have

~ 1 1
(i) max; ||B; — H, 'Bi|| = Op ( ophextK2 VNIgN

Pmin®Pmin

(it) max; |5;° — 02| = O

Upmqu ,u2 K max{+/log N,\/Tog T}
Pmin mln{f \/>}

—1 —1
N Y N — _ \/
(i11) max; (ijl wjtﬂj@) - (ijl wjrHy lﬁj6§H2 1) H =0Op (Upm’xq\l/(iw:"f]v).
a1 ~1
(iv) max; (23;1 wistFs/) - (23:1 WisH2FsF£Hé) H = Op (Up"“xquzgleogT>

Proof of Claim F.8. (i) By Proposition F.1, Claims F.6 and F.7, we have

—1

T T i 1
~ 2axqK 2/ N log N
max || B — Hy ™ Bil| < max || Hy ™" (Zwma’) H21||max||zwissisH2Fs+max||R?||=op<"p w7 TV 08 )
s=1

s=1 pmin¢min

2

(ii) Because 52 = |W = 2tew, S Where W; = {t 1 wj, = 1} and & = yit — B/ F;, we have |65 — 07| < max; \ﬁ Dtew, G

e%,] + max; |m Ztewj 2, — 03]. We bound the first term. We have

< Qmax |ME max o Z leje| + max (MJE)Q + max |/ F, — B\;ﬁt|2
|W lo teW; vt

+ 2max |6{Ft Bl Ft‘ max Z leje] + 2max|Mf| max |5’Ft Bl Ft| =O0p(0) (mz}x|M£“| + max |BiF, — B{ﬁt|> .

|W lo teEW;

1 1
. ) ’ R 0P2axq’ 12 K max{y/Tog N,\/Tog T} s .
From Claims F.3, F.7 and F.8, we have max; ; |[3iFt ,BZ-Ft| =Op ( oo i (VN T} > This implies the first

Pmin min{v/N,VT}
2 12
the second term is O, (”L vlOgT) by the matrix Bernstein inequality.

pmin\/T
N a -1 -1 a -1
(iii) Because max; szzl Wit (ﬁj - H, ,6]-) BiH, H < max; ||3; — Hy ' B;

by Claims F.3 and F.8, we have

1 1
2,2 2 5
‘e 0 piaxq”p2 K max{ylog N,v/1log T} iy . 2 2 _ 2 2 1o ]
term is Op ( . In addition, since tew,; Ej¢ — 05 = > <1 Wit — wjto; and Wilo = >, wit,

VN | BH; | = Op (apquK%N%m>

PminPmin

TPpmaxqK 2 N3 \/log N
maix Zw]tﬂj ZwﬁH’ 38, H; | = Op(1) max Zwﬁ (8~ H57'8;) 815 | = Op < P ‘; i g ) .
j 1 min % min
Then, by using the same assertion in the proof of Claim F.4 (ii), we have
-1 ~1
N
27 - -1
m?,x le]'tﬁjﬁ;- — lethé lﬁjﬁ;-Hz
j= j=
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2

-1
N 1
_ _ OPmaxqK 2 /log N
max E wi HY, 1545/417 ! =0p .
¢ (j_l e PiinV NYmin

Zwﬁﬂj ZwﬁH’ 18,8 Hy "

=0p(1 max

(iv) Using the same method of the proof of (iii), we can prove it. We omit the proof to save space. O

Claim F.9. Under the assumptions of Theorem 5.5 and max{y ! (Sg), ¥l (SF)} < n, we have
(i) $3(M,p, o) = s3(M,p,0) + o(s2(M,p,0)), and
(id) |A7 = a?(1 + o(1)).

Proof of Claim F.9. (i) To begin with, we observe that

g = a (F'F)"'Fr a n
Bz —PBr = =0O( )s
VX1 + x2 IZo IZ|,T /x1 + X2
and
55 55— o(F'F) Y Frp, N aBrFr(F'F)~1 N Q?(F'F) 'FrFR-(F'F)~! _0 ( an N a’n? ) _ o(ﬁ)
v+ xe VX1 + xe IZlo(x1 + x2) Tyxi+x2  T?Zo(x1+ x2) no

The second bound and Weyl’s inequality yield wmin(ﬁ” E) > Ymin(B'8) —
“(6/3)_1“ = O(nN—1). We then have

> C'N/n for some C > 0, implying that

(515)71 . (B//})fl _ (5/6)71(B/6 . B/B’)(B’/B)fl _ O(ﬁ)O < an + 0[2’]72 > '
N2TATVX X2 T2Z]o(xa + x2)

As a result, we have
By(8'B) Bz — By(F'B) Bz = By(B'B) Bz — Br(B'B) Bz + Br(B'B) Bz — Br(B'B) Bz
3 2.4 S oo B S oo _ -
~0 ( Sl + o ) + (B — Br) (B'B) "Bz + Be(B'B) " (Br — Br)

N2T\/x1+x2  N?*T?Z],(x1 + x2)
2

— R (R'RA\—143 o n _ Al ralo—117
— o(B('9) " 5r) + O (s s ) = o(5(8) )

due to Assumption 3.1 and 3.4. Similarly, we can have that F/-(F'F)~'Fr — I?'}(F’F) 1FT = o(F5-(F'F)~'Fr).
(ii) A little algebra reveals that

2

1A = |87~ FY + (3 = B)F||, +2(8F ~ BY + (3= B)F', (3 = B)(F ~ F)) +||(3 - B)(F ~ Y

r .

The first term leads to

|~ Fy + 3-n)F|, |+ @ -a)F| + o200~ Fy. 3 - p)F)
o B’z(ﬁ B o BUPESFr o s
Cxitxe ITlo X1+ X2 o THAE-F), (B -PF)

= a® +2(B(F — F), (8- B)F).

Then by the construction of B and F ,

23(F — FY, (3 = O)F) = 20(F(F = F)3 (- ) = 20 (FOT> (F - F) <BI> (3 8)
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2 1. _ 1 - _
<2|Frllp 18zl & ix\/mﬁ’z(ﬂ’ﬁ)%z\/moﬂ’r(F’F)?FT

2 2

o n 2
'8)—2 Fr(F'F)—2F O(—) = 1).
= 0N By#8) 2By )= g Ol = <ol
We also have
o) n /2 2z 2 a? 1 nll ' TN\—21_R! (R R\—273 2
|- - P =Pl = e B ) B8 = oo ),

Lastly, using the above bounds, we have

2B(F — FY + (B B)F, (8- B)(F — FY) <2||B(F - FY + (3 - H)F

e 8= = ] = oot

As a result, we have ||A]|% = a?(1 + o(1)). O

F.5 Proof for Section B
First of all, by Lemma F.1, Assumption F.1 are satisfied under our assumptions.
Lemma F.1. Assumption F.1 are satisfied under Assumptions B.1 and B.2 by setting i = Cn for some constant C' > 0.

Assumption F.1.

- 1
(1) ’y%ﬁcinvq%1 M%KQ max{\/Nlog N,\/Tlog T} < pZ. min{N,T},
5 : 1
(i) o720, > K ? max{y/Nlog N, /Tlog T} < pZ, tmin min{V/N,VT},
1
(i6) 0272 cineq® max{N?,T%} <« p2. 2. min{y/log N, /log T},

1

. 2.
(7/()) max ‘let% pmln wmlnpm]n

min{|Z|5"*,|T15/*}¢2 K * max{VN, VT} mm{|1|3/2,|T|;/2}péaxmax{m,mFNT

Proof of Proposition B.1.

Consider the following decomposition which was used in the proof of 3.1:

|g|0 Z B\:ﬁ |g‘o Z M’Lt

(i,t)€G (i,t)€G
1 N L -t 1 T T -1 7
= N, Z Zﬁ'x N ijfﬂjﬂ} Bjwjteje + T, Z z r (Z wisFSEé) Fowiseis + ZR‘LQ’
j:l teT j=1 €Z s=1 s=1 d=1
1
R1,g |g| Z B’H2 1Rt R Rgg |g| Z Rf/HQFt,
? (it)eg ? (it)eg
/ T —1 -1 N
1 /
Rsg = T|I\ Z (Z wis Fs 515) <T ZwistFS> W Z N ijtﬂj ijtﬂja?jt )
1€L s=1 teT j=1 j=1
/ T —1
Rag = > Zw%F gis | | Y wisFeFl| Hy'Rf,
|g|o (i,t)€G s=1
B/ . - 81 -3 1 R
57g = |g| Z R Hg ijtﬁ] ij‘tﬁjfjt 5 Reg |g‘ Z R Rt y R7g Vg 2 ‘g| Z Mit‘
° (it)eg j=1 ° (it)eg ° (i,t)eg
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Note that

-1 -1
N
Z AR Z witBiBi | Bjwieesr = Z > Uz Z wirUUj | Ujwjegji.
© j=1teT j=1 © j=1teT
In addition, a simple calculation shows that
-1 2 -1
! (< [ o KT
ZZE Ué ijtUjUj{ UjotEjt M,Q §G'2U£ ijtUjUg/' UISU2 NO.
: : X Pmin
j=1teT j=1 j=1

Hence, by the Bernstein inequality, we have with probability at least 1 — min{N =2, T3} that

-1

N ViK VIog N, /Tog T
ZZBI ﬁg witBiB | Biwies S TE “;iX{ WOV% s T}

% j=1teT

In the same way, we have

-1

ZZFT <ZW 7 F) Fuwse, < VB max{\/log \/logT}
1€Z s=1 pn’nn V T|I‘0

Next, we bound the residual terms. By the simple extension of Proposition E.1, we have with probability at least 1 —

min{ N3, T3} that

TII\O

IR1,gll < max || 8H; " || max || Ry

5 : 5
Upmaxﬁcqu 2 12 K3 max{y/Iog N, v/Iog T} 02 phax¥cimvg®n? K3 max{\/Nlog N, /TlogT}
s min{N, T} ¢min min{\/]v, \/T}

1
0'3 pmaxcqu2,u2 KmaX{N T} prznax m

5 ax ‘Mff .
wmm pmm pmin it

+

By the simple extension of Proposition F.1, we have with probability at least 1 — min{ N =3, T3} that

|Ra.g < max | il
5 15 O 5 .,7
< OPhaxVCinvg 2 3 K4 max{/Iog N, v/Iog T} 02 phaxVct q"p2 K3 max{v/'N log N,v/Tlog T}
~ Prin Min{ N, T} " P> min{VN, T}
N o’ péaxﬁ A2 PurK3 max{N\/W T+/log T} ot P2, Cinvq? pz K max{N,T}V/NT
rznin pmln ?nin pﬁlin
opaxqut K3 VNT

+¢*p? K max | MJ| + max [ M| .
1t 1t

prnin¢min

In addition, R3¢ - R7,g are dominated by the above terms. Hence, we have with probability at least 1 — min{ N3 T3}
that

Z (M ) oV max{\/log ,V1og T} U\/uKmax{\/log ,V1og T}
it T
(i,t)eg pmm\/ N|T|0 pmm\/ T|I|0

2 5 3 5
N OPEax¥Cinyq ® P K* max{y/Iog N, v/Iog T} o? pﬁlaxﬁc?mfu? K2 max{V/Nlog N,\/Tlog T}

O

Prnin Min{ N, T} " n P> min{v/N, VT}
5
N 0% pRaxVct SuiK? max{N\/W T+/log } ot pmaxcquz,uszax{N T}VN
¢r2nin pmln fnln pmln
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The terms including max;; |Mi1§| are bounded due to Assumption F.1 (iv). Lastly, by using the facts ¢ < K%, u < n,
Cinv S Kg w""“ s OUNT S Ymin, and q¥min S VNT proved in the proof of Lemma .4, we have with probability at least
1 —min{N~ 3,T 31

1 — on2 K2 max{y/Iog N, IogT} on2K:z max{\/log ,V1og T}

e > My - g > M| <C : +

| |O | |O pr2nin \% N|T‘07 pmln \% T|I‘0

oUyE K (4+20+ 135)77 max{log N, logT} 032 K (3049t 3 max{N, T})
min{N, T} Prain¥Rr

(i,t)€G (i,t)€G

+

pmln

for some constant C > 0. O

Proof of Lemma F.1.
By using the facts ¢ < K°, u <, ciny < K9 w"““ T UNT < Ymin, and ¢min < VNT proved in the proof of Lemma .4,

we can get the result. Since the proof is similar to that of Lemma F.4, we omit it. [J

G Proof of Lemma E.2

In this section, we provide the remaining proof of Lemma F.2, i.e., proofs of Lemma G.1-G.5. First, we introduce several
notations which are used in the proof. For any scalars a and b, a < b means |a|/|b] < C for some constant C' > 0. a = b
e2lb] < |a| < ¢1|b] for some constants c¢1,c2 > 0. We write a < b to indicate that |a| < ¢1]b| for some sufficiently small
constant ¢; > 0 and use a > b to indicate that cz|a| > |b] for some sufficiently small constant ¢, > 0. For any vector a, ||a||,
denote the [ norm. The following five lemmas collectively prove Lemma E.2.

In Section G, we assume the following conditions:

(1) o@épéaxqzu% K2 max{N+/log N,T+/log T} < pmin®min max{V N, ﬁ},
~ 1
(ii) IpRaxq’pK max{\/Nlog N,\/Tlog T} < pmin max{N, T}, (iii) max MY <
(2

1
max{\/]v, \/T}’

where 9 = max{d,log N + log T'}.

Lemma G.1. Set A = Cyo % for some large constant C > 0. Then, with probability at least 1 —
O(min{N >, T=%}),

Upr%naxﬁ%q%u%K% max{y/Nlog N,/TlogT}
Pain¥y min{v/N, vT}
Proof. This is due to Lemma G.16 and (G.7). O

maix H/V‘[}[t+N]ﬁ[t+N] _ W(t+N)If[(t+N)HF <C (G.1)

Lemma G.2. Set A = Cho % for some large constant C > 0. Then, with probability at least 1 —
O(min{N =%, T~%}),

Upmaxqz max{f \/>}

pmln/(blilln

max HW[HN]E[[HN] _ WH <C

Proof. This is due to Lemma G.16. O
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Lemma G.3. Set A = Cho %T}pm‘“ for some large constant Cy > 0. Then, with probability at least 1 —

O(min{N~*,T~%}),

O Pmax¥? q3 K2 max{\/N logN VT log T}

Proof. First, we consider the case of 7. By Lemma G.6, we have with probability at least 1 — O(min{N°,T~°}),
Vfi“fs(W[HN],Z[”N])HF < civci“‘;pmm)«brln/ii where the constant ¢ > 0 is defined in Assumption (G.14) of

mtaxH,W[t"’N]Z[HN}'—MHF <C (G.3)

max;
Lemma G.12. Hence, with probability at least 1 — O(min{N~=5,775}), for all ¢, (W[t+N]ﬁI[t+N],Z[t+N]ﬁ[t+N])
satisfies Assumption (G.14) of Lemma G.12. In addition, by Lemma G.16, (G.29) holds for all 7 where 1 < | <
N 4+ T. Hence, max; HW[”N]Z[HN]’ - M*
1 — O(min{N~=°,T~5}), for all t, (W“*N]I}[t*m,Z[t+N]ﬁ[t+N]) satisfies assumptions of Lemma (G.12. Similarly, we can

show that for all ¢, (W[”N]ﬁ[”N] Z[t+N]ﬁ[t+N]> satisfies assumptions of Lemma G.12. Therefore, by Lemma G.12, we

< Cg)\ for some constant C > 0. Hence, with probability at least

have max; WIHN ZI+NT MH Cmap’”” qszcmd’;{un' ?i/lo—g \NFV}TIOgT} for some constant C' > 0. Then, by setting
inj

Cinj = 1/(32¢q), we have the desired result. Second, we consider the case of 7*. The proof for this case is analogous to the case
of 7. The only difference is that we use Lemma G.23 in lieu of Lemma G.6. In this way, we can obtain the same bound as

T, case. O

Lemma G.4. Set A = Cho % for some large constant Cy > 0. Then, with probability at least 1 —
O(min{N~4,T~1}),

1
OPRaxq rnax{\/]v7 \/T}

Pmin

HJTI—M*

<C (G.4)

Proof. Set any 1 < t* < T. Note that H]T/f— M*
G.16 and Lemma G.3 yield the desired bound.

< HM _ N Z [+ N

i HW[t*-ﬁ-N]Z[t*+N]/ _ M
F

. Then, Lemma

O
Lemma G.5. With probability at least 1 — O(min{ N5 T~°}),
y g 20 Kz Nlog N,+/TlogT
max Hw(t+N>H<t+N> _ WH < CUP w22 2 K 2 max{y/Nlog N, TlogT} (@5)
2,00 pmmwmm mln{\/i f}
Proof. This is due to Lemma G.16. O

G.1 Lemmas regarding the new stopping point

We now introduce Lemma G.6 which provides a uniform bound for gradients of (D.1). Together with Lemma G.12 and
Lemma G.16, it guarantees that our non-convex estimators at the new stopping points, Wlt+N] Z[t+N) , closely approximate

the convex estimator, M , uniformly.

Lemma G.6. Recall that 7" = argming<, <, HVfi“fS’(l)(WT’(l), ZT’(l))HF for each 1 <1 < N +T. With probability at least
1 — O(min{N =5, T~°}), we have

vamfs w27 )HF <C (amaxNNlogN, VTlog T} H) VEqui K3yl

mln{f,f}.

1<l<N+T Prin
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Proof. By Lemma G.8, with probability at least 1—O(min{N—°,T~°}), we have max; <;<y 7 ||V 5 ® (WO zm(0) HF <
CquAx/wmin. In addition, by Lemma G.7, with probability at least 1 — O(min{N~=° T°}), (G.8) holds for all
0 <7 <79 . So, with probability at least 1 — O(min{N~°,T77°}), (G.8) holds for all 7;* where 1 <1 < N + T Therefore, we

have with probability at least 1 — O(min{ N =5, T—°}),

max vainfs(W'rl*’ ZT[‘)HF

1<I<KNA4T
<  max ‘vainfs(WTl*,ZTl*)H . vainfs,(l) (WTZ*’(I)7 ZT[‘,(Z))H ‘ + max vainfs,(l)(wrl*,(l)’ Z’rl*,(l))H
T 1<ISNAT F Fl  1<ISN+T F
omax{y/Nlog N,\/TlogT} ﬁqu%K%w%.
<C + A min
Pmin min{\/ﬁ, \/T}
for some constant C' > 0. O

e RWFT)XK Note that

wr w
Hereinafter, for notational simplicity, we denote F7 = [ZT e RWATIXKE  and  F = lZ

we have the following properties of F.

wl(“ ) = ||“ H =V 2'¢)maxa wK(J ) =V 2wmin7 (G6)
| K max
F = W A4 < g | —. .
|| ||2,oo maX{” H2,oo ) || ||2,oo} — min{N, T} (G 7)
Lemma G.7. With probability at least 1 — O(min{N=5,T75}), we have

infs T 7T infs, (1) 7,(1) 7,(1)
w2, | w0, zm0) |
o, o |95 0 2 = [0 -

o max{N log N, T'logT} A 1K Ymax
< .
o CnoK\/wamax (wmin \/ anin * ¢min min{N, T} (G 8)

for some constant C,, > 0.

Proof. Pick arbitrary 7 < 79, and suppose that (G.16)-(G.21) hold at the 7th iteration. Without loss of generality, we
consider the case when I < N. The other case can be shown similarly. By the definition of (- .) and f™® (. .), we have
that Vf5(A0) = Vf5(A)0 and V&0 (A0) = V50 (A)0 for any A € RVFTIXE 0 ¢ OK*K | Then, using the

unitary invariance of ||| », we can write

‘vainfs(vvr7 ZT)HF _

’vfinfs,(l) (W‘r,(l)’Z‘n(l))HF‘ — ‘HVfinfs(WTHT,ZTHT)HF _ vainfs,(l)(WT,(Z)QT,(Z)’ ZT,(l)Q‘n(l))HF‘

< “Vfinfs(WTHT, ZTHT) _ Vfinfs(WT’(l)QT’(l), ZT,(Z)QT,(Z))H

F
::191
+ Hvfinfs(VVT,(Z)QT,(I)7 ZT,(Z)QT,(Z)) _ vfinfs,(l) (I/V‘r,(l)cg‘r,(l)7 ZT,(Z)QT,(Z))H )
F

::192

. U3
First, we control ;. Note that ¥, = 9 where

4

F

193 _ H_LPQ(WTZT/ _ Y)ZTHT FAWTHT — H—lfPQ(WT,(l)ZT,(l)/ _ Y)ZT’(l)QT’(l) o )\WT’(Z)QT’U)
li
194 _ (HferQ(W-rZT/ _ Y))’ WTH™ + NZTH™ — (HflzPQ(Wt(l)Zt(l)/ o Y)) WT,(l)Q‘r,(l) 7 )\ZT’(l)QT’(l)
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Rearrange 13 to obtain

793 _ Hil'PQ(WTZT/)ZTHT . HferQ(WT,(l) ZT,(Z)/)ZT,(I)QT,(Z)
=p1
o H—lfPQ(M*)(ZTHT . ZT’(l)QT7(l)) _ H—LPQ(MR + g)(ZTHT _ ZT,(l)Q‘r,(l)) LAWTHT — )\W‘n(l)QT,(l)
=P2 =PB3 =P4

For |1z, we have

||61 ”F = HH—1’PQ<W‘FZT/)(ZTHT _ ZT,(l)QT,(l)) + H—lPQ(WTZT/ _ W-r,(l)ZT,(l)/)ZT,(l)QT,(l) H
F
< HHil’PQ(WTZT/)(ZTHT _ ZT,(Z)QT,(Z))HF

+ HH—LPQ((WTHT _ WT,(I)QT,(Z))(ZTHT)/ _ WT’(I)QT’(Z) (ZTHT _ ZT,(Z)QT,(Z))/)ZT,(Z)QT,(Z) H
F

B Nlog N, Tlog T} A PE Pmax
- 5 H g 0 om0 H <K o max{ g LV, g a
~ Pmin HWHF F F Q r" ¢max\/;9 lpmin p12nin + ql)min min{N, T}

where the third relation uses the unitary invariance of the Frobenius norm, the fourth relation follows from Lemma G.22 (ii)

and (iv). The last relation comes from (G.7) and (G.18).

For |2 , we have

1Bl < ([P (M) | 777 = FOQm®|

o max{N log N, TlogT} A UK Pmax
<VK
S VEYmax VY < 7ﬁmm\/ o ol Kl bemyian

where the second line comes from (G.7) and (G.18). For ||fs]p, Lemma G.13, Lemma G.14, (G.7) and (G.18) yield that,
with probability at least 1 — O(min{/N 100 7—100})

1Bl < [T ([P ™) | + IPatE) ) || 7717 = FrOQr®]|

Nlog N,Tlog T} A PE max
< (N T oo o max{ , .
< oV max{N, T }Dmax (’(/}min\/ o + Yonin min{N, T}

For ||B4llp, (G.7) and (G.18) yield [|B4]lp, < MWD (ﬁ max{N log N.T log T} +ﬁ)1/% Combining the above

Pmin

bounds, we reach

o max{N log N, T'log T} A HE Ymax
V- < : <K v max : :
19l < 181l + 1821l + 1Bl + 1Ball S KV (wmm\/ P " )\ min{N. T}

¥4 can be bounded in an analogous way, and thus we have 97 < Kv00max (w: max{Nk;’%ﬁ’Tlog L ﬁ) A/ %
We can bound 93 in an analogous fashion as the the proof for bounding As in Lemma 12 of Chen et al. (2020).

Additionally, use Lemma G.22 and (G.7) to obtain 95 < \/50\/ Prmax maX{Nzl‘?g N.Tlog T} H‘l‘if{lb]\‘;‘?;‘} with probability at least

1 — O(min{N~190 7-1003)  Therefore, we conclude that, with probability at least 1 — O(min{ N 100 7-1001)

infs T T infs T T a max NlOgN,TlOgT A NK¢mx
’va f (W 4 )HF N va f’(l)(W ’(l),Z ’(l))HF‘ < CnoK\/'Ed}max (1/} - \/ { p2_ } + Pmi > M mln{N }}

for some constant C),, > 0. This result and Lemma G.16 together complete the proof. O

22



Lemma G.8. Suppose that n = 1/ max{N, T}¢*max- Then we have, with probability at least 1 — O(min{N=5,T75}), there

s a constant Cg, > 0 such that

; 1
infs, (1) 1V‘r,(l) Z‘r,(l) H < ) - )
v/ ( ’ ) P Cor maux{i\ff’,T5}/\\/1m (6.9)

max min
1<IKN+T 0<7<7o

Proof. First, note that (G.16)-(G.21) hold for all 0 < 7 < 7, and (G.22) hold for all 1 < 7 < g and forall 1 <1 < N4T, with
probability at least 1 — O(min{N~5,775}), by Lemma G.16 and G.21. Without loss of generality, we consider the case when
I < N. The other case can be shown similarly. By (G.22), we have that f™O 0.0 7Z70.(0)) < finfs,() (170,00 | 70.(D))

gz::ol | &7 fints O (w0, ZT’(”)Hj7 . Then, we have

) 1 To—1 . 5 3\ 1/2
i |l fints O (gm0 7m0 H Y Hv infs, (1) (0770 H
[Lin |[Vf ( ; )|, < TO; f ( ; )|,
9 ‘ ' 1/2
< { (fmfs,(l)(vv’ Z) _ fll’lfS,(l)(WT(),(l)’ ZT(],([))) } ) (GIO)
n7o

Now we control fiO (W, ) — fiofs@) (7.0 z70.()) Recalling that f&0 (A, B) = &0 (A0, BO) for any O € OK*K

we have

finfs,(l)(‘/—_-‘ro,(l)) _ finfs,(l)(FTO,(Z)QTO,(Z)) :finfs,(l)(f) + <Vfinfs’(l)(f)7]:TO’(Z)QT“’([) . f>
+ Lyec(Fo Q0 _ Fyy2 ints O FO)yeo(Fro-OQr-® _ F)
2

where F() is a point between F-Q7:() and F. Before proceeding, notice that
H]?‘(l) _fH < Hfro,a)QTo,(l) _J-:H H]_‘Tm(l)QTm(l) _ FrogTo
2,00 2,00

Nlog N, T log T} pmax A WK Pmax 1
< Vg [ [maxd ’ T < Vmax,  (G11
~ 1 (wmin \/ p?nin ql)min min{N7 T} - 1000q\/ N + T ¢ & ( )

where the second line is due to the triangle inequality, the other lines use (G.18) , (G.20) and (G.7). This allows us to invoke
Lemma G.9 to conclude that || V20 (FO)|| < 40y with probability at least 1 —O(min{N =%, T7-%}). Then the triangle

HIFCH™ = Fllg o
. :

inequality yields

finfs,(l) (]_-) _ finfs,(l) (]_-TU,(Z))

< vainfs,(z)(}-)HF H]_—TO,(Z)QWU) _ ]_-HF _ %Vec(]_—m,(z)@m,(z) — FY VRO (FO)yee(Fo O Qro®) _ F)

infs T T C T T 2
<|[vrt @), |7 Oan O - 7|, + Fou|FoemO -7

with probability at least 1 — O(min{ N =%, T=99}), for some constant C' > 0. To bound ||V &0 (F)|| ., note that

frreoir] < [on=oin], « [versoir,
<P, (ME+E)Z|| p + MW+ || Po, (ME+ENVW| . + A Z|

N,T max c
< (|0 P, (M®+&)[| + MWl 5 + 171 ) £ (a/w ¥ A) VR % Ay Kb

(G.12)

where the penultimate relation holds by Lemmas G.13 and Lemma G.14 with probability at least 1 — O (min{/N 190 7-1001)
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and the last relation is due to the assumption that A = Cyo4/ %. To bound H}"TU’(Z)QTO’(Z) — ]:HF, we use (G.7),
(G.16), (G.18), and min{N, T} > Ydqpumax{log N,log T} to obtain

o max{N, T }Dmax A
+ || FH™ — F||» < + W .
+ I (wmm\/ e L

Using these bounds, with probability at least 1 — O(min{ N~ T=99}), we can write

infs infs T g maX{Na T}pmax A
frEOF) = rEOFO) SAVE bnax <¢ : ﬁw _ >||W|F
2
o max{ N, T }pmax A
+ Ymax (w —/ {pQ.} : o > W5 < Kg?)\2,

where the first relation uses (G.16) with 7 = 79, and the last relation comes from A\ = C)o % Putting this back

min

into (G.10), we reach, with probability at least 1 — O(min{N =9, 7799}), for some constant Cy, > 0,

: I 1
infs, (1) (1) 770 H < | 2 ka2 < M
Vf ( y ) P Cgr o q >~ Cgr maX{N57T5} 1bmln»

, 7o = max{N'® T8} and that max{N,T} > ¢. The last is a consequence of our assumption

H]:To,(l)QTm(l) _ ].“H < H.FTO’(Z)QTO’(I) _ FTofTo
IR

min
0<7T<10

C
< 1
as long as n < N T s

max{N,T} > min{N, T} > gmax{log N,log T}. Therefore, with probability at least 1 — O(min{N =% T-%}) we have

max min
1<IKN4T 0<7<Tq

. 1
infs, (1) M/Tv(l) ZT7(Z) H <Cor——FFA i
Vf ( , ) P S grmaX{NS,TS} \/M7

which completes the proof. O

Lemma G.9. With probability at least 1 — O(min{ N~ T=99}), there exists a constant C > 0 such that

2 pinfs, (1) H <
13%2%(+THV ! (4, B)|| < Cvomax

hold simultaneously for all A € RN*K B ¢ RTXE satisfying Bz

Wi

< 1
= 500V NET

2,00

Proof. Without loss of generality, we consider the case when | < N. The other case can be shown similarly. Note first that,

for any A € RIWAT)xK

. 2
vee(A) V2 (D (A B)vec(A) = HH—U?PQ(AA’Z +AwB) ot 2N P (AB — M* — M® — &), AwAL) + X A%

- Hn—l/%gl,. (AAy + AwB)| " = 2(17Pg, (AB'— M* — M® — &), AwAY)

2
-
+ P (AAY + Aw B')|[3 + 2(P.(AB' — M*), Aw Aly)

where [|TT=1/2Pq(AAY + Aw B')||5 + 2(I1- ' Po(AB' — M* — ME — £), AwAL) + A Al% S Gmas | A% with probability at
least 1 — O(min{ N~190 7-1001) by a simple extension of the proof of Lemma 17 of Chen et al. (2020). We would bound the

remaining terms in turn. First, note that
2 2 2 2 2 2 2 2 2
1P (4D, + AwB)7. < AN, + AwB'[p <2 (IWALIE + 18w Z/I2) <2 (IWI 18215 + 121 1AwllE) = 26ma AR

Second, HH_1/2PQL_(AA’Z + AWB’)Hi < pob }P@ly_(AA’Z + AWB’)Hi < poib ||AAY + AWB’||% < 21 max ||A||f;

—= min
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Third,

|2(P1-(AB' — M*), AwA)| < 2| P (AB' = M) o |AwAZ | p < 21| AB' = M| | Al

<2(|(A=W)B'llp + IW(B = 2)llp) 1Al < 4(1A = Wlip + 1B = ZI ) IWI A7 < 8¢umax A7

where we use

A-W A-W A-W 1
< <VN+T < — ||,
B-Z ‘_‘ B-Z - B-Z7 _500¢1H |
F 2,00
1+ 500q
Bl <||B-W W|| < —||W]| <2||W
1B < 1B = Wi+ W < —5 W) < 2w

in the last two inequalities. Also, |2(II7'Pq, (AB’ — M*), Ay A’;)| can be bounded in the same way. Lastly, Lemma G.13
and G.14 give us that, with probability 1 — O(min{ N ~100 7—100})

_ max{N,T Pmax 1
20T Pay (M7 +8), Aw )| < 2 [P T s g < L

where the last inequality uses the assumption ﬁ, / pm‘“‘?‘& < 1. Combining these bounds yields that, with probability
V2l (A, B)|| < Cihmax-
Therefore, with probability at least 1 — O(min{N %9, T7}), we obtain max;<;<ni7 ||V2finfs’(l)(A7 B)H < Cmax- O

at least 1 — O(min{ N =190 7-1001) " for some constant C' > 0 which does not depend on I,

G.2 Lemmas regarding the original stopping point

Lemma G.10. Define & = VN (Wt gr.(+N) _y77) D;ﬁ Then, we have with probability at least 1—O(min{ N5, T5})
that

max max &7 & < C
T

(cr?pr%axﬁ%q%ffé VNTog T max{VN, ﬁ})

pmin¢min

Proof. First, note that, with probability at least 1 — O(min{N =5, T75}),

2 93 BKIVN NTog N, yTTog T
s ma ][, . < ¢ [ Pmax?2a2p2 K2 VN max{yNlog N, Tlog T}
T ’ Pmin®min min{ VN, VT}

for some absolute constant C > 0 by Lemma G.16. Second, by Lemma G.16 again, we have with probability at least
1 — O(min{N=5,T75}),

1
max max||¢7 || < VN (maxmax [W7HT — W HREN o W - W HT ) Dy

e <gpgaxqéKémmax{m, ﬁ})

pmin¢min

for some absolute constant C' > 0 by Lemma G.16. For each 7 and ¢, because £ only depends on M™* and Y excluding the
t-th column of Y, conditioning on {M, Q}, {e;;};<n are independent of £]. Hence, E [g;,| M, Q,&]] = E[e;4|M, Q] =0 and,
conditioning on {M, Q, &7}, {€;+},<n are independent across j. Then, by matrix Bernstein inequality, we have for each 7 and
t that ||&7' & = || E;\Ll wjiejell|l < C (olog Tlog N max; max, [[€] ||2,00 + 0v/Iog T max; max, [|£7 || ) for some absolute

contant C' > 0 with probability exceeding 1 — O(T‘loo). So, we have with probability at least 1 — O(min{N—57 T—5}) that
1 11 1
max; max, [|¢7' Q& | < C (02“%“”9””” VNToET max{VN VT}

P for some absolute constant C' > 0. O
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Lemma G.11. With probability at least 1 — O(min{ N> T~°}),

max max l—=

HB (@~ ET| < C <apmaxz9q%ué;(\/@max{\/m ﬁ}) |

pminwmin

\/N

Proof. For each 7 and ¢, we have by Lemma [.5,

N
H\ﬁHﬁ Q=& =D (wie —pj) Uni 551 < ﬁmgaXH > (Wit —pj) Unis €75 (G.13)
j=1 JjEG,
Because &/ only depends on M* and Y excluding the ¢th column of Y, conditioning on M, {wjt};eq, are independent from
&7 . Hence, we have E [wj; — p;|M,&]] = E[w;; — pj|M] = 0 and, conditioning on M and &7, {w;: —p;} ecq, are independent

across j. Then, by matrix Bernstein inequality with the relation (G.13), we have for each 7 and ¢ that

1
| H18 (-] < € (o0 108 71U

with probability exceeding 1 — O(T~1%). So, we have with probability at least 1 — O(min{N=5,775}),

1
2,00 X X |67 12,00 + TP /108 T Ut 2,00 max max |17 | )

O Pmax 3 2K\/10 T max{V N,V
maxmax” Hlﬂ (-1 <C Pmax¥q7 1 & { I}
t V pIIlln/l?[}rIlln
for some constant C' > 0. O

G.3 Lemmas regarding generalizations of Chen et al. (2020)

This section provides lemmas that we need for generalizing results in Chen et al. (2020) to allow the heterogeneous observation
probabilities, the dependence in missing pattern, and the low-rank approximation error M. In stating the conditions, let

us denote generic N x K and T' x K matrices by W and Z.

Condition G.1 (Regularization parameter). The regularization parameter X satisfies (i) Hﬁ_l’PQ(E)H < IX and (i)
|Pa(W 2 — M%) — (W 2 - ar%)

< 8718pmin/\
Condition G.2 (Low-rank approximation error). The low-rank approzimation error M® satisfies HPQ (MR)H < ¢ for some

sufficiently small constant ¢ > 0.

Condition G.3 (Injectivity). Let T be the tangent space of WZ'. There is a quantity Cinj > 0 such that p;ﬁln | Pa (H)H?
Cinj ||HH?, forall HET.

v

IN

Condition G.4. II, the estimator of II, satisfies (i) Hﬁ - HH < C4/ logN for some constant C > 0, (ii) Hﬁ_l - H_lH

C log N

’ épmax: and (iv) HH H <i Opmln

Lemma G.12. Suppose that (W, Z) satisfies
|V, 2)|| < civcépm A Cmin (G.14)

for some sufficiently small constant ¢ > 0, and HWZ’ — M*|| < CgX for some constant C' > 0. Additionally, assume that

any nonzero singular value of W and Z exists in the interval [\/%, V20 max), and 0B N & YomiPmin lOgN <

T K1/245/2
o o — o o ) e —~ P 2KY?p? logN
Bain, Then, under Conditions G.1-G.4, M, a minimizer of (2.2), satisfies |WZ' — M s Cini P x| +
. inj Pmin
q Pmax_ ||Y7 finfs W Z
PminCinj VPmin W, 2) F
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Proof. The triangle inequality gives us

([~ = YPo(WZ' —Y)Z
([~ —IYPo(WZ — Y)W

vreai. 2)], <

H + HVfi“fS(W,Z)HF. (G.15)
F

For the first term, note that

|

Also, by Conditions G.1, G.2, and the assumption HWZ’ — M*

(' = YPo(WZ —Y)Z
([~ — T YPo(WZ — Y)W

| <l ez -z, i@ - - v

< CqgA, one has HPQ(WZ’ - Y)H < O9Pmaxg for some

constants Cy > 0. Hence, Condition G.4 yields H(ﬁ_l — H_l)PQ(WZ/ — Y)ZHF < Cs4/ log%Npmaxq)\\/?\/wmax for some
constant Cs > 0. Similarly, we can bound H(ﬁ‘l — I YHYPo(WZ — Y)WHF Combining them,

log N
H <0y %pmwﬁ\/wm

F
infs /T 7 4/CinjPmin .
for some constant C' > 0. Because HVf (W, Z)H < T)\\M/)min for some sufficiently small ¢; > 0, we have
F

(I I HYPo(WZ' —Y)Z
([~ =T YPo(WZ — Y)W

HfoSbl(W, Z)HF < o 7vcmép’""'/\\/1/1min for some sufficiently small co > 0. Then, by Lemma G.24, we have

o N 5/2¢1/2,)2 loc N .
HWZ/ _ MH S q pmax/\ /1og + q Pmax
F CinjPmin T PminCinj v 'L/)min

vfinfs(W’ Z)HF
O

Lemma G.13. With probability at least 1 — O(min{ N1 T=1010) " () ||Po(11’) — 11| < /max{N,T} and (ii)
1Pa (&) < /max{N,T}.b as long as Cy > 0 is sufficiently large.

Proof. Let Q = Pq(11’) —I111’. Then @ contains independent sub-gaussian columns. Then, by Theorem 5.39 of Vershynin
(2010), we have, with probability at least 1 — O(min{ N1 771011 |QQ" — E[QQ’]|| < VNT + N. In addition, we have

N

T
Z Cov(wit, wjt)

t=1

= max
1Sj§N ‘
i=1

IEIQQI < IEIQQIl, = max Z) QQ');,

1<j<N

max E E |Cov(wir,wjt)| <T max max E |Cov(wir, wje)| ST,
1<j<N < L<IST1<j<N 4
1=

where [|-||; means Schatten 1-norm. The last relation uses Assumption 3.3 (i). Therefore, with probability at least 1 —

O(min{N 101 7=1010) "we have ||QQ’|| < max{N, T}, and thus ||Q| < y/max{N,T}. Similarly, we can show ||[Pq(€)| <
vmax{N, T} by setting Q@ = Pq(E). O

Lemma G.14. Assume that max; |M}| < 1/max{v'N,VT}. Then |[Pa(MB)|| < cmin{v/N,VT} for some sufficiently
small ¢ > 0. It implies that Condition G.2 holds if A = Cyo, /max{N, T}i‘;‘% for some constant Cy > 0.

Proof. It comes from the following relation ||Po(M%)|| < ||PQ(MR)||F < HMRHF = Zi7t(Mff)2 < VNT max;, |ME| <
cmin{v/N, T} for some sufficiently small ¢ > 0. O

Lemma G.15. The followings show that Condition G.4 hold with high probability.

I This bound and Lemma G.15 (iv) together imply that Condition G.1 (i) holds if A = Co, /max{N, T} Zapax

min
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(i) There is a constant C > 0 such that Hﬁ - HH < C4/ logTN with probability 1 — 2N =7,

(i) In the event of (i), if C

N < %pmin, then there is a constant C1 > 0 such that Hﬁ‘l — H_1H < Chy/ 10511\7.

(iii) In the event of (i), if C % < f—opmax, then HﬁH < %pnlax-

w) In the event of (1), if Cy 1°gN < Lp=l then < Lyl
10 min

— 10 min*

Proof. For the first result, we use the Hoeffding’s inequality for bounded random variables. (ex., Theorem 2.2.6 of Vershynin
(2010)) Note that {w;;} are independent Bernoulli random variables with the expectation p;. Then, by Hoeffding’s inequality

for any s >0, P (\/T@ —pi| > s) =P ( 23:1 ﬁ(wit — i)

> s) < 2exp(—2s?) for all i. Then, we have

S ~ ~
> — | = . — | > = . — | >
P(&%'pz p"—\/T) P(@%’W'% pz'—S) Pl U VT = pil 2 )

1<i<N
< > P(VTIpi - pil 2 5) < 2N exp(~2s5%).
1<i<N
By taking s = 2+/log N, we have that P (max1<i<N |pi — pi| > @) < % Therefore, we have P (Hﬁ - HH < @) =
P (maxlgig N |Di — pil < 2‘/\1/057) < 1— +%. For (ii), (iii), and (iv), the proofs follow from straightforward basic inequalities,
so are omitted.

O

G.4 Extension of Lemmas in Chen et al. (2020)

This section includes lemmas from Chen et al. (2020) which are used in the proof of Lemma E.2. Although our setting is
more general than Chen et al. (2020), some of the following lemmas have fairly similar proofs as their counterparts in Chen
et al. (2020). For the sake of brevity, we will omit some proofs. The omitted proofs can be provided upon request. Here, we
include the proofs of Lemma G.17 and Lemma G.18 since their proofs handle the clustered dependence in missing pattern,
which incurs nontrivial modifications from proofs in Chen et al. (2020).

We first establish Lemma G.16 in an induction manner. We plan to show that

R o [max{N,T}Pmax A
S o max{N, T }pmax A
|FTHT — Il < Cop (w [t T, A )||W||7 (G.17)

Nlog N,TlogT}p
T _ FrO T,(Z)H < o [max{Nlog N, T'log T}pmax
1§?%2}\?{+T H]: H ]: Q F 03\/;9 < min prgnin wmln || ”2700’ (GIS)
) gl) < o [max{Nlog N,Tlog T }pmax A
1<ISNGT (]: " f)l,- 5 Civig <¢min\/ Donin - Ymin 12,00 - (G.19)
S o max{N log N, T log T}pmaX
|[FTH™ — -7:”2,00 < Coo\/;gq <¢ - \/ 2 ¢ |7 ||2,oo» (G.20)

T T T T g ma‘X{N7 T}pmax
\WH'W™ —Z"Z7||» < Cpqn <wmin1/ oy wmm> VK2, (G.21)
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hold for all 0 < 7 < 79 = max{N'® T8} and for some constants Cr, C,p, C3, Cys, Coo, Cp > 0, provided that n =

m. We will addltlonally show that

2
infs, () (7 (1) 7m0y < pints, (D) (=10 Z7—=1,0) _QH infs, () (=10 77—1,() H .99
Juis O (0, 770) < fints 0 277 H0) - T |7 i 2 o) (G-22)

hold for all 1 <1< N + T and for all 1 <7 < 79 = max{ N8 T8}

Lemma G.16. With probability at least 1—O(min{ N=° T~°}), the iterates {(W™, Z7) Yo<r<r, of (D.3) and {WTW, Z™ )} ocrary,
forall1 <I< N4+T, of (D.4) satisfy the following:

S S o max{N, T }pmax A
wax{ W7 HT Wi, |27H = 2] < Cr W Dipmes . A (G.23)
/wmin Pinin 1pmln
N, T} Pmax A
max{|WTHTW||,||ZTHTZ||}scop <w0~ ,/ma"{p; P = >||W|, (G.24)

max{ IWTHT W, | Z7H — 2]l }

o max{N log N, T log T} pmax A
< CuVly [ -y |t Nog NV, Thog Thpmax A}y W, 1200 ), (G.25)
’(/)mln Pmin wmln
max max{ HWTHT — w0y H , HZTHT — ZT’(”HT’(”H }
1<ISN+T F F
o max{N log N, T'log T} pmax A
<cloﬁq< N \/ L 422 )Wl 2] (G.26)

max max HWT’(I)HT’(Z) — WH HZT’(I)HT’(” _ ZH
1<ISN+T 2,00 2,00

p2min wmin

P . o max{N, T }pmax A
|W™Z™ — M*|| - < 3¢Cp (1/) : / {p2, } _,_77[} . >|M*||F7 (G.28)
ax{N, T }pmax A
Wz - a| s3cop<¢“, et D, 2 )IIM*I, (G.29)

where Cp, Cop, Coo, Ciy > 0 are some absolute constants which do not depend on .

Nlog N, T log T }pmax A
<5<cg+coo>ﬁ9q< 7 \/ma"{ 08 N, Tlog Tip

T + > max{|[Wlly o 1Z]l3 00} (G.27)

Proof. First, note that (G.16) - (G.21) hold when 7 = 0 because F° = F%(!) = F for all 1 <1 < N + T. Then, from the
mathematical induction using Lemma G.17, G.18, (.19 and Lemma G.20 , with probability at least 1 — O(min{N~=5,7-5}),
(G.16) - (G.21) hold for all 0 < 7 < 79. Then, (G.23), (G.24) and (G.25) are immediate results of it. In addition, by Lemma
(.22 (iii) with the fact that (G.18) holds for all 0 < 7 < 75 with probability at least 1 — O(min{N=5,775}), we can have
(G.26). For (G.27), note that

max max{ HWT’(I)HT’(Z) — WH , HZT’(I)HT’(I) - ZH } < max bq H]—"T’(Z)QT’(Z) —F"H"
1<IKN+T 2,00 2,00 1<IKN4T

FH - F
F + H H2,c>o

by Lemma G.22. Because (G.18) and (G.20) hold for all 0 < 7 < 75 with probability at least 1 — O(min{N >, T~°}), we

have for all 0 < 7 < 79,

max max{ HWT’(I)HT’(Z) — WH , HZT’(Z)HT’(I) — ZH }
2,00 2,00

I<IKN+T
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2,001 141l2,00}-

Nlog N, T'1og T} pmax
§5(03+Coo)¢5q< d \/max{ o8V, Tlog T}p

A
+ maxy [|W
wmin p?nin 'l;[}min ) { H |
with probability at least 1 — O(min{N—° T75}). For (G.28), note the following decomposition W™ Z™" — M* = (WTH™ —
W)(ZTHT)'+W(Z™H™—Z)’, which together with the triangle inequality gives [|[W™Z™ — M*||, < |[WTH™ — W||. |Z"H™ ||+
|\W||ZTH™ — Z||p . Considering Lemma G.22, we have || Z"H7|| < 2 ||W||. Because (G.16) holds for all 0 < 7 < 79 with prob-
ability at least 1—O(min{N—°,T75}), we have for all0 < 7 < 7o, |[W7Z™ — M*||, < 3¢CFp ( o fmax{NV T pmax 4 ﬁ) | M*| -

Pamin Prin
with probability at least 1 — O(min{N =5 T5}). We can derive (G.29) similarly. O

Lemma G.17. Suppose that A = Cyo max{ V. T} Pmax for some large constant Cy > 0, 0 < 1 < 1/(¢*Ymax min{ N, T}).

min

Suppose also that the iterates satisfy (G.16)-(G.21) at the Tth iteration, then with probability at least 1—O(min{ N9, T=99}),

we have

Nlog N, Tlog T }pmax A
B A R e e e e L

where C3 is some sufficiently large constant.

Lemma G.18. Suppose that A\ = C\o max{ NV T} pmax for some large constant Cy > 0, and 0 < 7 < 1/(¢*V Kmax). Suppose

min

also that the iterates satisfy (G.16)-(G.21) at the Tth iteration, then with probability at least 1 — O(min{N =99 T—9})

o max{N log N, T log T }pmax A
2 wmin Phin 1pmin ’

max

<]_—r+1,(z)HT+1,(z) _ ]_—)
1<ISN+T

)

Lemma G.19. Suppose that A = Cyo/ % for some large constant Cy > 0, and 0 < 1 < min{1/(¢*/*¥max), 1/(*Ymax VK)
Suppose also that the iterates satisfy (G.16)-(G.21) at the Tth iteration, then with probability at least 1—O(min{ N 100 7—1001)

- - o max{N, T }Pmax A
||]: +1H T ]:HF S CF (wmin\/T+ wmin> HW”F’
fT+1HT+1 —Fll < Co g maX{Nv T}pmax + A W ’
H | < Cop (w\/T =)
[W WL Zm gz | < Cpgn ( 1;, \/W + wA_ VEY?,,,

N,T}p A —
T+1,() T +1,30) ZT+1,(1)/ZT+1,(1)H < o max{N, max 02
LIS N T HW W F~ Cpan Urmin Pin * Ymin Vinax

where Cr > 0 and Cyp, are sufficiently large, and Cp > Cgp.

max{N,T }Pmax
P
min

(G.16)-(G.21) at the Tth iteration, then with probability at least 1 — O(min{ N~ T—98}),

Lemma G.20. Suppose that A = Cyo for some large constant C'y > 0. Suppose also that the iterates satisfy

- - o max{N log N, T1og T} pmax A
[FHHETH — F, < CaVig (1/) _ \/ - e 1 F 9,00

holds as long as Cs > 5C5 + Cy.

max{N,T}pmax
2
min

Suppose also that the iterates satisfy (G.16)-(G.21) at the Tth iteration, then with probability at least 1—O(min{ N =98 T—98}),

Lemma G.21. Suppose that A = Cyo for some large constant C > 0, and 0 < n < 1/(q¥hmax max{N,T}).
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foralll1<I< N+T,

finfs,(l)(WT+1,(l)7zr+l (D) ) < flnfb ,(1) (W‘r 0 ZT, l) 77 va}l’lfb l)(WT,(l Z7 (l))H
F

Lemma G.22. Throughout the set of results, we assume that the Tth iterates satisfy the induction hypotheses (G.16)-(G.21).

(i) Suppose that min{N,T} > duK max{log N,logT}. Then, we obtain

Nlog N, T1og T }pmax A
|Froar® — | <V + o) T RN Tos T o A (G.30)
2,00 'l/}min Phin wmin
N, T }pmax A
H./—'.T’(Z)QT’(I) - ./_"H S 2cop 0-. max{ & }p + - HWH ) (Ggl)
1pmm Pin wmm
(i) Suppose that \fw max{];:;}pma" < q\/max{lolg T Then, we have
[IFTHT = FI| < [WI[, [[FTH = Fllp <Wlp, IFH =Flyw < Fllg (G.32)
[FI<2IWI, F e <2lWle, 1F 200 < 21F 200 - (G.33)

_o  [/max{N,T}pmax 1 T LT ,(0) g, (1)
(#ii) Suppose that fwm;n v/ P < s Nos T and 4/ mm{N 77 < 1. Then, we have |\FH™ — Fm W H HF <

sq |7 a7 = QO

. o [/max{N,T}pmax 1 : .
(iv) Suppose that \[wmin’/ipf’nm < o Ve T) and min{N, T} > qu. Then (G.32), (G.33) also hold for
FrOH™O " Additionally, we have [Ymin/2 < Ymin (Z7OHOYZHOHTO) < o (27O HTOY 2O HO) <

2¢max-

Lemma G.23. Suppose that 7= 1/ max{N, T}¢*¥max. Then we have, with probability at least 1— O(min{ N5, T=5}), there
is a constant Cg > 0 such that ming<r<r, HVfi“fs(WT, ZT)HF < Cgrm)\\/lﬁmin

The following two lemmas are used in Section G.3.

Lemma G.24. Suppose that (W,Z) satisfies HfoSbl(W, Z)HF < C%)\vwmm for some sufficiently small constant

c >0, and HWZ’ — M*|| < CqgX for some constant C' > 0. Let

T, Additionally, assume that any nonzero

singular value of W and Z eaists in the interval [1/ %, V2%max|. Then, under Conditions G.1-G./, M, a minimizer of

(2:2), satisfies |WZ' = M| < st das |G 7011, 2)|
max{N? T2 }pmax 1 2 : 2 2
Lemma G.25. Assume \fw i NI < TR ioa N T) Also, assume that p;. min{N?* T?} >

2@ P2 K2 pax max{N log N, T'log T}. Assume that X = CAJ,/% for some large constant C > 0. Further,
let T denote the tangent space of WZ'. Then, with probability at least 1 — O(min{ N 100 7—1003

HPQ(WZ' M) Wz - M| < i)\pmin (Condition G.1 (i)

2
poi |Pa(H )H% > HH_l/QPQ(H)H ||H||F for all He T (Condition G.3 with cinj = 1/(32q))

- 32q
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hold uniformly for all (VV7 Z) satisfying

5 o max{N log N, T log T} prmax A
— <
z-2|, } <oV (wmm\/ . o max { Wl 12l }

meae { [ = w, .
(G.34)

for some constant C > 0.

Proof. Lemma G.17 - .25 are simple extensions of Chen et al. (2020). So, we omit the proof for simplicity. O
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